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ABSTRACT: We present a theoretical study of the phase behavior of mixed brushes composed of charged and
noncharged polymers that are mutually incompatible. We derive the self-consistent-field (SCF) equations from
the canonical ensemble for a system of polyelectrolyte and uncharged polymers with added salt. Within the
saddle point approximation, the modified Edwards Hamiltonian results in expressions for the chemical potential
and species density fields in terms of the Green’s function propagator and the nonlinear Poisson-Boltzmann
equation for the electrostatic potential. These SCF equations were fully numerically analyzed to achieve results
that are exact within the assumption of lateral mean field. The two-dimensional phase behavior of the mixed
brushes (assuming that the brushes are laterally mobile) was examined using the conventional free energy of
mixing analysis. The predictions on the effects of such control variables as the charge content of the polyelectrolyte
species, ionic strength of the medium, and the surface grafting density of the chains on the conformation properties
and phase behavior of the mixed brushes are presented. The results suggest that an increase in the effective
charge on the polyelectrolyte (through variation of either charge content or ionic strength) favors the mixed state,
while increasing the grafting density favors phase separation.

1. Introduction

Solvated polymers end-grafted to a surface have been the
subject of intense theoretical and experimental studies over the
past three decades. When the grafting density is high enough
so that the mean separation between grafting points is less than
the coil dimension of the chains in the unbound state, the chains
are stretched away from their unperturbed dimension into a
“brush” configuration because of the repulsion between mono-
mers; this repulsion is of osmotic origin in neutral brushes, and
chain electrostatic and counterion osmotic pressure effects
enhance this repulsion if the polymers are charged. The thermal
fluctuation of the chain conformation, however, disfavors the
stretched state, and the balance between these two opposing
forces (i.e., the effective monomer-monomer repulsion which
causes the stretching and the thermal (entropic) resistance to
this stretching) determines the conformation of the brush. Under-
standing the behavior of polymers under the tethered conditions
is fundamental to many technological applications of polymer
brushes, including colloidal stabilization,1 membrane surface
modification,2 ion-exchange adsorbents,3 lubricative coating,4

and the creation of surfaces with externally tunable properties.5

The simplest situations involving homogeneous polymer
brushes (i.e., those composed of one polymer component)1,4,6-25

have been explored in great detail; see refs 1, 4, 6-11, and 25
for detailed discussions on theories for neutral brushes and also
refs 12-24 for polyelectrolyte brushes. Considerable attention
has also been devoted to mixed brushes containing (at least)
two chemically distinct polymers. The types of mixed brushes
that have been studied include those composed of either two
neutral chain types26-32 or two oppositely charged chain types.19

It has been demonstrated that, in mixed brushes, the chemical
dissimilarity between component polymers offers a possibility
for creating lateral and/or vertical compositional heterogeneities
on molecular length scales.29-31 Also, the asymmetry in the

responses of the component chains to changes in environmental
conditions can be used as a mechanism for creating functional
surfaces that are responsive to external stimuli such as variation
of pH19 or electric field.33

In all previous studies of mixed brushes, it has been com-
monly assumed that the chains are chemically bound to the
surface, and the positions of the grafting points are fixed in
both lateral and vertical directions. However, there are some
experimental situations in which the grafted ends in a polymer
brush can move on the grafting surface. An important example
is when diblock copolymers self-assemble into lamellar struc-
tures in selective solvents;8,34-36 the outer portions of the chains
exposed to the solvent will form brush structures in which the
grafted ends are mobile along the interfaces formed by the block
copolymers. As illustrated in Figure 1, in mixed brushes
comprising polymers that are mutually immiscible, this lateral
mobility of the end-grafting points has an important consequence
of allowing for bulk phase separation between the components
within the two-dimensional geometry. Detailed examination of
this macroscopic phase segregation that is feasible in end-mobile
mixed brushes has not yet been reported to the best of our
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Figure 1. Cartoon of macroscopic phase separation in a mixed brush
composed of charged (red) and neutral (blue) chains in which the
grafting points are laterally mobile. The difference in polymer composi-
tion between the phase separated and mixed states is exaggerated for
clarity.
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knowledge, and this is the topic of this paper. Particularly, the
present report presents a theoretical discussion on the miscibility
of mixed polymer brushes composed of neutral and polyelec-
trolyte chains. We note that this type of mixed system has
received very little attention in the literature.19

The main goal of this work is to examine the macroscopic
phase behavior of mixtures of neutral and polyelectrolyte
brushes with mobile grafting points in solutions with added salt
as a function of charge fraction, added salt concentration, and
grafting density. To this end, we employ a self-consistent-field
(SCF) theory based on the Edwards model9,10 and modified to
include electrostatic interactions and multiple chain types.
Previously, the nonlinear Poisson-Boltzmann (PB) equation
(which stipulates the conditions governing the spatial variation
of the electric potential in the system) has been handled by either
assuming the form of the small ion distribution23 or linearizing
the PB equation.22 In this work, we solve the PB equation
numerically without either assumption. The SCF equations are
derived in full starting from the system partition function and
ending with equations containing the Edwards-Green’s function
as the carrier of the segment probability density. Similar SCF
formalisms have been previously utilized for studying polymer
adsorption and free polymers in solution; in these cases, rather
than the Green’s function, other simpler functions such as
Andelman and co-workers’ polymer order parameter37-39 or
Fredrickson and co-workers’q function39,40were employed. In
our studies of polyelectrolyte brushes, the polymer order
parameter could not have been employed because it does not
contain information regarding the chain ends. We chose not to
utilize theq function because the Green’s function contains the
chain end information more accessibly. It should also be noted
that our approach is consistent with these previous SCF
formalisms in that the Green’s function can be simplified to
either function by use of the ground state dominance approxi-
mation37-39 or by integrating over the spatial location of the
chain ends39,40 to derive the previous SCF models.

The phase behavior of the polymer brushes is examined by
use of phase diagrams containing binodal and spinodal points
determined from the free energy of mixing for the two brush
types. A detailed derivation of the system free energy from the
canonical ensemble partition function is included along with
the derivation of the SCF equations. The parameter space near
physiological conditions is extensively explored due to an
interest in creating biocompatible membranes in future work.
Generally, we find that the effective amount of charge in the
system has the greatest effect upon the miscibility of the brushes
with increasing effective charge favoring greater mixing. This
result is consistent with the findings of Khokhlov and Nyrkova
that including small amounts of charge on one chain type in a
binary polymer mixture greatly increases miscibility.41

2. Model

2.1. SCF Formalism. The SCF formalism is derived,
following the development of Wang et al.,40 by considering
homopolymer brushes that may contain charge in solution. The
polymers of typeP, either neutral (A) or charged (C), are of
length NP. The polyelectrolyte chains are assumed to carry a
smeared charge with fraction per segmentf and valencezP which
are identically zero for neutral chains. All small ions, both
counterions liberated from the dissociation of the polyelectrolyte
and any salt added to the solution, are assumed to be identical
point charges with valencezM, whereM designates cations (+)
or anions (-). In a canonical ensemble with Boltzmann factor
â and volumeV, the partition function of the system is

where subscriptj represents all species in the system andnj is
the number of molecules of speciesj. The contour position along
the ith polymer chain of typeP is designated byRPi(s), where
s is a distance measured along the contour of a chain; the spatial
position vector of theith molecule of typeM is rMi. The
microscopic density operator of speciesj is F̂j, the electrostatic
potential is designatedψ(r ), and H is the modified Edwards
Hamiltonian which can be written asH ) Hela + Hexc + Hele,
where

is the Gaussian elastic energy whereb is the Kuhn length which
is assumed to be the same for all chains

is the short-ranged excluded volume interaction whereVPP′ is
the excluded volume parameter between polymer chains of type
P andP′ (noteVPP ) (1/2 - øPS)b3 andVPP′ ) 1/2(1 + øPP′ -
øPS - øP′S)b3, where the subscript “S” denotes solvent andøij

indicates the Flory-Huggins interaction parameter between
speciesi and j), and

is the mean-field electrostatic energy of the system including
all charges in the system wheree is the charge of an electron,
and the last term represents the electric field self-energy withε

being the dielectric constant of the system (assumed constant
in this work). The delta function in eq 1 enforces charge
neutrality on the system. Finally, the microscopic density
operators are defined as

Inserting the identity40

and employing a Lagrange multiplier identity for the functional
delta function40 such that

introduces the macroscopic density fieldFj(r ) which is con-

Z ) ∏
j

1

nj!
∏

P
∏

i

nP ∫dRPi∏
M

∏
i

nM ∫drMi∫Dψ

exp(-H)δ[ ∫dr (∑
P

zPF̂P(r )f + ∑
M

zMF̂M(r ))] (1)

Hela ) ∑
P
∑

i

nP 3

2b2
∫0

NPds(∂RPi(s)

∂s )2

(2)

Hexc ) ∑
P
∑
P′

∫dr
1

2
VPP′F̂P(r ) F̂P′(r ) (3)

Hele ) â ∫dr[∑
P

zPF̂P(r )feψ(r ) +

∑
M

zMF̂M(r )eψ(r ) +
ε

2|∇ψ(r )|2] (4)

F̂P(r ) ) ∑
i

nP ∫0

NPds δ[r - RPi(s)] (5)

F̂M(r ) ) ∑
i

nM

δ(r - rMi) (6)

∏
j

(∫DFjδ[Fj(r ) - F̂j(r )]) ) 1 (7)

∏
j

[∫DFj∫Dωj exp(∫dr ωj(r )[Fj(r ) - F̂j(r )])] ) 1 (8)
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strained to the microscopic densityF̂j(r ) by the (purely
imaginary) conjugate fieldωj(r ). The following relation is
substituted into eq 1 for the charge neutrality constraint

where it is then noted thatλ, which is pure imaginary, can be
absorbed intoψ(r ) because∫Dψ∫dλ g(ψ(r ) + λ) ∝ ∫Dψg-
(ψ(r )) for any functiong.40 After substituting eqs 5 and 6
into eq 1, it is noticed that the polymer term in eq 4 can be
rewritten as

and the microscopic density term in eq 8 can be rewritten as

Finally, the partition function may be written as

where the dimensionless system free energy can be written,
using Stirling’s approximation, as

The SCF equations are obtained through use of the saddle
point approximation which requires taking the functional deriv-
atives of the free energy such thatδF/δψ(r ) ) 0, δF/δFj(r ) )
0, andδF/δωj(r ) ) 0. The details of these minimizations may
be found in the Appendix, but the results are

Here,cM is the bulk concentration of ions defined bycM ) nM/V
where electroneutrality requires (for positive polyions)c- )
c+ + nCNC/V, andGPi(R′′,R′,NP) is the Green’s function defining
the probability density (in units of inverse volume) of finding
a segment on theith chain of typeP at a pointR′′ in space
after movingNP steps along the chain starting from the point
R′ in space. It can be shown that the Green’s function satisfies
the diffusion-like equation42

where the delta functions on the right-hand side contain the
initial condition.

Simplifying and adding a constant to the free energy in eq
13 gives

wherenT is the total number of chains in the system defined by
nT ) ∑PnP, xP is the number fraction of chains of typeP defined
by xP ) nP/nT, andZP is the partition function of chain typeP
defined byZP ) ∫dR′ ∫dR′′ GP(R′′,R′,NP). The integral term
in eq 20 gives the self-energy of the various fields (i.e.,
electrostatic potential, polymer chemical potential, and small
ion chemical potential relative to the bulk). The second term is
the free energy associated with the chains of typeP. The third
term is the free energy of ideal mixing for the polymers. The
final term is the free energy of ideal mixing for the small ions.

2.2. One-Dimensional Equations.Working in flat plate
geometry, if it is assumed that the grafting density is high
enough that there are not significant variations in the system
properties in the directions parallel to the grafting surface, then
the SCF equations can be made one-dimensional by a method
similar to that of Edwards and Dolan.9 For polymer brushes
where the chain end is confined to the grafting surface (here
defined to be they-z plane) we can define for theith chain in
the mean-field approximation

or equivalently

whereσ is the grafting density in number per unit area. It can
be seen that onlyx′ does not depend oni by considering the
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grafting point wherex′ ) 0 for all chains. However, the location
on the surface should depend on chain selected. Thus, eq 17
for the segment density of polymer typeP can be rewritten as

if it is assumed that the grafting pointx′ is at zero and re-
mains constant. Equation 23 can be further simplified asFP(r )
) xPσFP(x), which is normalized such that integrating the
segment density over the entire volume yields the total number
of segments of typeP in the system given byNPnTxP.

The simplified form of eq 23 can then be inserted into the
diffusion equation which is integrated overy′i andz′i to give

whereb′ ) b/x3 is the Kuhn length scaled to account for the
change in dimensionality. The one-dimensional Poisson-
Boltzmann equation is then

Scaling the electric potentialψ by e/kBT and rearranging eq 25
gives the Bjerrum length,lB ) e2/εkBT, as the prefactor to the
left-hand side of the Poisson-Boltzmann equation. Integrating
over y and z in eq 20 gives the one-dimensional system free
energy,F, in units of joules per mole of chains as

whereNAvo is Avogadro’s number. Here, the contributions to
the free energy from the bulk properties of the mixed brush
system which do not depend on the brush compositionxP (i.e.,
those contributions associated with the last two terms of eq 20)
have been dropped for simplicity because these terms cancel
out when calculating the free energy of mixing; see eq 27. Note
the counterion concentrationc- which appears in the last term
of eq 20 is in theory a function ofxP because of the ions liberated
from the polyelectrolyte chains, but as the system length in the
x-direction goes to infinity (as in this work), its dependence on
xP becomes negligible.

Ultimately, we are interested in the phase behavior of neutral
polymer brushes mixed with polyelectrolyte brushes. Therefore,
it is desirable to calculate the change in free energy due to the
mixing as a function of composition for the two brush types,
xC (defined as the number fraction of the charged chains). The
change in free engery,∆Fmix, is calculated in the standard way
by subtracting the weighted pure component free energies from
the current value:

2.3. Solution Method. The one-dimensional form of the
governing equations (i.e., eqs 14-19) for the mixed polymer
brushes are solved simultaneously via an iterative self-consistent
method at each value of polyelectrolyte compositionxC to
generate free energy of mixing curves from which the spinodal
and binodal points can be determined. The two diffusion
equations are evaluated at the same time by Edwards’ discreti-
zation9 to yield the Green’s function as a function of space and
chain contour. An initial guess is made by using the algorithm
to solve the Gaussian case where there are no external fields
and the solution does not depend on the segment density or the
electric potential. A nonadsorbing surface boundary condition
is applied such thatG(x ) 0,x′,n) ) 0, except for the initial
condition which states thatG(x ) x′,n ) 0) ) 1/b′. The Green’s
function is also set to zero at distances from the grafting surface
longer than the contour length, and in fact we terminate the
calculation at this length in order to conserve computational
storage space. Once the Green’s function has been determined,
the segment densities are calculated using a Simpson’s quadra-
ture algorithm. The segment densities at distances longer than
the chain contour length are set to zero.

The full nonlinear Poisson-Boltzmann equation can then be
evaluated assuming symmetric monovalent salt and positively
charged polyelectrolyte chains. This solution has traditionally
been a difficulty in this type of work. We here employ a
damped-inexact Newton method43 which is found to converge
rapidly depending upon the initial guess. The guess for the
electric potential is initially a zero potential and thereafter the
potential generated during the previous iteration of the self-
consistency algorithm. The boundary conditions are zero surface
charge which implies that the first derivative of the electric
potential at the wall is zero, and at infinity the first derivative
is also zero. Charge neutrality requires that the potential also
reaches zero at infinity. Numerically we choose a distanceD
such that the dimensionless potential at this value ofD is
<10-12. It was found thatD ≈ 10Nb′ worked sufficiently well.
We further assumed the bulk concentrations of positive and
negative small ions to be equal, since the concentration of
counterions liberated from the polyelectrolyte goes to zero as
D goes to infinity. Numerically the charges in the system do
not sum to zero, but this is an artifact of choosing a finite
distance over which to integrate the system.

Self-consistency is checked by the usual method, the new
density values are checked against the previous iterations values,
and if the difference is less than the specified tolerance, the
new value is accepted as the solution. A damping parameter9 is
employed to hasten convergence. It is chosen to be less than or
equal to one and defines the fraction of newly calculated density
values to previous values that make up the solution returned to
the beginning of the self-consistency algorithm. The value is
chosen to give the fastest convergence.

The spinodal points are determined by numerically taking
the second derivative of eq 27 and locating the two discrete
composition values where this value switches from either
positive to negative or negative to positive. The spinodal is
chosen as the value ofxC halfway between these two points.
The binodal points are determined by numerically taking the
first derivative of eq 27 and testing the difference between all
the combinations to find where the slopes are approximately
equal by choosing the value halfway between two points where
the difference switches sign. These sets are then checked to
determine whether they possess a near common intercept and
if so are designated the binodal points. This approximate
approach results in a binodal curve that often appears “wavy”.

FP(r ) ) xPσ
∫ds∫dx′′GP(x,x′,s) GP(x′′,x,NP - s)

∫dx′′GP(x′′,x′,NP)
(23)

( ∂

∂n
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2
∂

2

∂x2
+ xPσFP(x)VPP +

xP′σFP′(x)VPP′ + zP

feψ(x)
kBT )GP(x,x′,n) ) δ(x - x′)δ(n) (24)

∂
2ψ

∂x2
) -

1

ε
(∑

P

zPxPσFP(x)ef + ∑
M

zMeFM(x)) (25)

F

NAvokBT
) ∫dx[εkBT

2e2σ
(∂ψ(x)

∂x )2

-

σ∑
P
∑
P′

1

2
VPP′xPFP(x)xP′FP′(x) - ∑

M

(FM(x) - cM)] -

∑
P

xP ln ZP + ∑
P

xP ln xP (26)

∆Fmix(xC) ) F(xC) - xCF(xC)1) - (1 - xC)F(xC)0) (27)
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Obviously, a smaller step size yields more precise values for
the spinodal and binodal points. In regions where the two-phase
region is large,∼100 steps inxC would suffice. Near the critical
point, however, 400-500 points were often necessary.

The critical points, presented later in Figure 7 (plotted as a
function of grafting density and charge fraction for various salt
concentrations), were found using a bounded golden search
algorithm to minimize the difference between the compositional
locations of the spinodal points at a given charge fraction; points
outside the two phase window were assigned a difference of
one.44 The grafting density was adjusted between the bounds
minimizing the spinodal point difference until the change in
grafting density was less than the specified tolerance, typically
10-8. The average was then taken and assigned as the critical
point.

3. Results and Discussion

3.1. Conformational Properties of the Mixed Brushes:
Literature Comparisons. The validity of the SCF model and
the solution algorithm described in the previous section was
first evaluated by comparing the estimated segment density
profiles for pure polyelectrolyte brushes with the published
results of a previous model of von Goeler and Muthukumar.22

In this previous model, the electrostatic potential between
charged monomers is approximated using the Debye-Hückel
theory (i.e., the solution of the linearized Poisson-Boltzmann
equation in spherical coordinates) with an assumption of the
bulklike counterion screening of the Coulomb potential within
the brush layer. Figure 2a summarizes the predictions of our
model for the one-dimensional segment density, defined as
F(x) ) F(r )b3/σ, of a pure polyelectrolyte brush of lengthN )
33 in Θ solvent with a charge fraction of unity and grafting
density of σ ) 0.008 93 Å-2. These parameter values were
chosen to make the conditions as similar as possible to those
used in the previous study of von Goeler and Muthukumar for
a direct comparison of the results. Presented in Figure 2a are
the resultant brush density profiles predicted for four different
values of the average inverse screening length in the bulk limit
(i.e., κ ) 4, 2, 1, 0.5) defined by

wheree is the unit electron charge,zM is the ion valence,CM is
the bulk concentration of small ions of typeM in solution, and
here the temperature is chosen to beT ) 25 °C; in all other
modeling it is chosen to beT ) 37 °C. As shown in the figure,
the results show the expected behavior of a general flattening
and broadening of the profile as the screening length increases,
causing an increase in the electrostatic forces which results in
chain swelling due to repulsion of the like charges on the chain.
On the quantitative level, our results are also in reasonable
agreement with the previous results obtained on the basis of
the “bulklike” Debye-Hückel approximation which are also
included in Figure 2b. For large values ofκ (i.e., κ ) 4 and 2
in units of 1/b), our model predicts a lower degree of
polyelectrolyte stretching, because we solve the full non-linear
Poisson-Boltzmann equation without any assumption regarding
the counter-ion distribution in our model. Also, our model takes
into account both the entropy of the small ions (see the second
path integral in eq 1 for the canonical partition function, i.e.,

∏
M

nM

∏
i
∫DrMi) and their contributions to the electrostatic energy

of the system (eq 4), and this leads to a prediction of more

stretched conformations at lowerκ (e.g.,κ ) 0.5), i.e., for the
so-called osmotic brush regime in which the localization of the
counterions near the brush causes additional stretching of the
chains due to the corresponding osmotic pressure buildup within
the brush layer.13,17

For brushes composed of two types of chains that are mutually
immiscible, our model predicts nanoscopic phase separations
perpendicular to the grafting surface such as have been
previously reported.27,29-31 In a randomly mixed brush of two
incompatible polymers that are end-grafted at fixed positions
on the surface, the covalent anchoring of the chains prevents
macroscopic phase separation, and instead the segregation
between incompatible brushes leads to the formation of lateral
compositional heterogeneities at molecular length scales; mor-
phologies that can occur in such systems include regularly
arrayed globules (“dimples”) and cylinders (“ripples”) of
alternating composition.27,29-31 In the present study, we do not
intend to investigate the lateral structuring of the nanophase-
separated brushes, but rather we assume that each type of chain

Figure 2. (a) Segment density,F, profiles of pure, completely charged
polyelectrolyte brushes of lengthN ) 33 for increasing average
screening length at grafting densityσ ) 0.008 93 Å-2. HereF is used
in units of number per length of the segment (i.e., 1/b). Setting the
Kuhn length, b, to unity matches von Goeler and Muthukumar’s
dimensionless Coulombic interaction parameterV ) 0.031 25.22 (b)
Results of von Goeler and Muthukumar forV ) 0.031 25 (reproduced
from ref 22). In both plots (a) and (b), the least stretched distribution
corresponds to an inverse Debye length ofκ ) 4/b, and each subsequent
curve represents a 2-fold decrease inκ.

κ ) ( e2

εkBT
∑
M

zM
2CM)1/2

(28)
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experiences an average (“mean-field”) potential that is laterally
uniform and allowed to vary only along the vertical direction,
which still allows us to probe vertical segregation between the
dissimilar polymers. Recently, it has been reported that a pH-
responsive ampholyte surface can be created by coating the
surface with a mixed polyelectrolyte brush, consisting of cationic
and anionic chains, which exhibits switching of the segregated
brush compositions in the direction normal to the grafting
surface with changes in pH.45 For mixed brushes between
charged and neutral polymers, our modeling suggests a similar
possibility of separation of segment populations along the
vertical axis between the two components under certain interac-
tion conditions. Figure 3a,b illustrates the perpendicular phase
separation for mixed charged and neutral chains of identical
lengthN ) 49 and at an overall grafting density ofσ ) 0.0005
Å-2. The two chain types illustrated in these figures are assumed
to have a strong polymer-polymer cross-interaction exemplified
by the excluded volume parameterVAC ) 200 Å3 (which is
comparable to the monomer volumeb3 . 343 Å3) so that the
tendency for the fixed end-grafted polymers would be to phase
segregate on the molecular level. Also, the like-molecule
interaction parameters used areVAA ) 125 Å3 andVCC ) 10 Å3

for the neutral and charged chains, respectively. As shown in
Figure 3b, when the charge fraction on the polyelectrolyte chains
is small (i.e.,f ) 0.1), the neutral chains are more swollen
because they have the larger excluded volume parameter.
However, when the charge fraction is increased (as demonstrated

in Figure 3a for the case off ) 1), the polyelectrolyte chains
swell and force the neutral chains to collapse. This observed
trend in the vertical phase separation can be summarized in terms
of the relative strength of the two external field interactions;
the more stretched chain type is the one having the stronger
combined field interactions. Our results also suggest that one
can design a surface that is switchable in its chemistry at the
outermost surface between charged and neutral states using the
perpendicular phase separation mechanism achievable using
ionic/neutral mixed brushes (in response to a change in the
charge fraction on the polyelectrolyte chains which could be
controlled by a change in pH); a detailed discussion of the
quantitative design criteria for this reversible (vertical) confor-
mational switching in mixed brushes containing charged and
noncharged polymers is a subject of our future publication.

Also included in Figure 3a,b are plots of the electrostatic
potential and small ion distributions. The potential shows the
correct limiting behavior by decaying to zero at large distances
because of the (average) charge neutrality in the bulk. The ion
distributions show a cloud enriched in counterions and depleted
in co-ions in the region containing the end-grafted polymers.
Both distributions asymptotically approach the bulk limit at large
distances.

3.2. Macroscopic Phase Behavior of the Mixed Brushes:
Effect of Charge. If we now allow the grafting points to move
along the surface, the macroscopic phase separation can be
realized in a neutral and polyelectrolyte brush mixture. Using

Figure 3. Segment density profiles illustrating change in vertical separation for chain lengthN ) 49, Kuhn lengthb ) 7 Å, grafting densityσ )
0.0005 Å-2, excluded volume interactionsVAA ) 125 Å3, VAC ) 200 Å3, VCC ) 10 Å3, and charge fractions on the polyelectrolyte chains (a)f ) 1,
(b) f ) 0.01. Also included are the electrostatic potentialψ and small ion densityFM profiles where the bulk salt concentration iscM ) 150 mM.
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the formalism for the free energy change of mixing (eq 27), we
performed an analysis on the composition-dependent thermo-
dynamic stability of the single-phase (mixed) states in the mixed
brushes under various charge and grafting conditions. In this
section, we will discuss the influence of variation in the effective
electrostatic potential (acting on the polyelectrolyte chains) on
the two-dimensional macroscopic phase behavior of the system.
For demonstration of the general patterns of behavior, we
consider a binary mixture of charged and neutral brushes with
chain lengthsN ) 49, end-grafted to a surface at an overall
grafting density ofσ ) 0.0005 Å-2. The excluded volume
parameters for these polymers were chosen asVAA ) 125 Å3,
VCC ) 100 Å3, andVAC ) 215 Å3 (with the subscript “A” and
“C” denoting the neutral and charged species, respectively) such
that interesting phase behavior can be found as the charge
fraction (f) is varied between 0 and 1; these values of the
excluded volume indicate that the solvent is good for both chain
types, and there exists a strong repulsion between the different
segment types. Under the given parameter values, the key factor
that determines mixing of the brushes is the effective amount
of charge in the system which depends on the charge fraction
of the polyelectrolyte chains and on the amount of salt added
to the system (CM). To elucidate the effect of the charge content
of the polyelectrolyte chain on the macrophase separation, we
first fix the concentration of added salt in the bulk atCM ) 150
mM and the temperature to beT ) 37 °C (which are close to
the physiological conditions). The Bjerrum length for water is
lB ) 6.7 Å at these conditions. Figure 4 presents a plot of
composition spinodal and binodal points for various values of
the charge fraction. We here see an upper critical charge fraction,
fc . 0.18, with a region of instability enveloped by a metastable
region which opens downward asf is decreased. Thus, we see
that by increasing the fractional charge per polyelectrolyte
segment the miscibility increases rapidly. This effect is due to
the fact that increasing the charge on the chains increases the
energy penalty of having like charges in close proximity if the
chains are phase separated. However, if the chains are mixed,
the neutral segments are able to get in between the charged
segments and increase the distance separating the charges, thus
lowering the energy penalty.

The macroscopic phase separation of the mixed brush system
cannot necessarily be inferred from the segment density
distributions calculated for the corresponding parameters (as-
suming fixed grafting end points). We checked the brush density
profiles inside and outside of the two phase region on thef-xc

phase diagram (Figure 4) and also on other phase diagrams
shown in Figures 5 and 6 which will be discussed later in this
paper. In all cases, there were in general only very subtle differ-
ences in the density profiles. See Figure S1 in the Supporting
Information for representative segment density profiles both
outside and inside the two-phase envelope shown in Figure 4.

The location of the critical charge fraction (fcrit) was found
to be sensitively dependent upon the values of the excluded
volume parameters, especially the one that characterizes the
polymer cross-interaction. For instance, as the excluded volume
repulsion between the two components increases at fixed solvent
quality for individual brushes the critical charge fraction also
increases. In the case of a solvent where there are no excluded
volume cross-interactions (assuming that the effects of three-
body interactions are negligible), the critical point vanishes, and
the brushes become miscible in all proportions at all values of
f. In general, increasing the cross-interactions decreases misci-
bility due to heightened repulsion between the polymer types,
while increasing the individual excluded volume interactions
increases miscibility due to the reduced net attraction between
the like molecules. Representative phase diagrams which
illustrate these points are presented in Figures S2-S4 in the
Supporting Information. The two-dimensional phase behavior
is controlled largely by a balancing between the excluded
volume repulsion between the two brush types (which favors
demixing) and dilution of the polyelectrolyte charges (which
favors mixing).

The phase separation in the mixed brush yields two macro-
scopically separated domains with one being rich in the poly-
electrolyte component and the other depleted in the polyelec-
trolyte. The phase diagram shown in Figure 4 is slightly asym-
metric with the critical composition lying in the polyelectrolyte-
rich region. It can be shown a posteriori that this asymmetry is
primarily due to the higher external potential that acts on the
polyelectrolyte brush in its unmixed state than that for the neutral
brush in the corresponding state. Because of this inequality of
the pure-state external potential, the polyelectrolyte has a greater
tendency to be incorporated into the neutral-rich phase than the
neutral chain has toward the polyelectrolyte-rich phase, and
therefore the phase diagram becomes asymmetric toward
polyelectrolyte-rich compositions. A quantitative discussion can
be made in terms of the average chain interaction (in units of
kBT) that a brush segment of typeP would have with its external
fields defined by

Using the physical picture described above, we examined the
difference 〈Uh ext〉P,xP)0 - 〈Uext〉P,xP)1 which (to a reasonable
approximation) measures the change of the average interaction
potential per segment upon transferring a brush chain of type
P from its pure state to a state in which the chain is surrounded
by the other type of polymers. Note that this value is normally
positive under phase-separated conditions. Calculating this
difference for various combinations of excluded volume and
electrostatic interactions and comparing to a corresponding free
energy of mixing plot (results not shown), we confirmed that
the pure component with the smaller difference (i.e., the
component that has a larger value for〈Uh ext〉P,xP)1, given that

Figure 4. Phase diagram illustrating increased miscibility with
increasing polyelectrolyte charge fractionf as a function of composi-
tion xc for chains of lengthN ) 49 with Kuhn lengthb ) 7 Å,
grafting densityσ ) 0.0005 Å-2, excluded volume interactionsVAA )
125 Å3, VAC ) 215 Å3, VCC ) 100 Å3, and bulk salt concentrationcM

) 150 mM.

〈Uh ext〉P ) 1
V∫dr [ωP(r ) + âzPfeψ(r )] (29)
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〈Uh ext〉P,xP)0 ≈ 〈Uh ext〉P′,xP′)0) is the species toward which the two-
phase envelope becomes shifted. Thus, if the neutral chain
excluded volume was large enough compared to the combined
excluded volume and electrostatic effects of the polyelectrolyte,
the phase diagram would be asymmetric toward the neutral
chain. See Figure S5 in the Supporting Information for an
example.

The other important parameter which controls the net impact
of the polyelectrolyte charge and thus the miscibility of the two
brush types is the amount of small salt ions added to the solution.
Increasing the amount of salt in the solution will decrease the
effective amount of charge each segment feels from surrounding
charges due to screening effects, and thus we expect that adding
salt would be akin to reducing the charge fraction per segment
which has been shown to reduce the miscibility of the two chain
types in the brush. Figure 5 is a phase diagram for added salt
concentration,CM, as a function of composition. For this
calculation, we used an overall grafting density ofσ ) 0.0005
Å-2 with a polyelectrolyte charge fraction off ) 0.18, and the
remaining parameters (i.e.,N, VAA, VCC, andVAC) were chosen
to be the same as in the previous example in Figure 4. As
expected, the two-phase region opens upward from a lower
critical salt concentration (CM,c), as the average screening length
is reduced. For the given set of conditions, this critical value is
found to be aroundCM,c . 150 mM, which corresponds to the
same critical point found above.

3.3. Macroscopic Phase Behavior of the Mixed Brushes:
Effect of Grafting Density. In a mixed brush system where
the two polymers are highly repulsive, the effect of grafting
density on the miscibility of the brushes is to favor demixing
as the number of chains per unit area increases. This result is
anticipated because the chains have a strong repulsion for each
other due to the excluded volume cross-interaction term whose
effects will increase as the number of segments in the same
volume increases. Obviously, increasing the strength of this
interaction will increase this effect. Figure 6 presents a
representative phase diagram for the overall grafting density,
σ, vs composition,xC (i.e., the number fraction of the charged
chains), with polyelectrolyte charge fractionf ) 0.18. Again,
the values used forN, VAA, VCC, andVAC are the same as in the
previous cases for Figures 4 and 5, and the temperature ofT )
37 °C and the added salt concentration ofCM ) 150 nm are

used in Figure 6. As shown in the figure, there exists a lower
critical density,σc ≈ 5.0 × 10-4 Å-2, below which the two
brush types are miscible in all proportions, but above this point
separation begins to occur. The region of instability that opens
from the critical point as the grafting density increases has a
unique shape. It is seen to lean toward the polyelectrolyte-rich
region of the plot, and the miscibility gap appears to reduce
back mildly with increasing grafting density above a certain
level. It is not feasible to determine whether these trends
continue at higher grafting densities (above what is displayed
in the figure) because the SCF approximations break down at
high grafting densities where the interactions with the external
fields become much larger thankBT. Our modeling indicates
that the anomalous shape of the spinodal curve persists over a
range of parameter values, for example, forf and CM, and at
present we do not have any clear explanation for this behavior.
Nonetheless, the results clearly demonstrate the effect that the
grafting density has on the two-dimensional phase behavior of
the mixed brushes; as the grafting density is increased, the short-
range repulsion (which favors phase separation) comes to
dominate the forces that favor mixing at low values ofσ (such
as the screened Coulombic repulsion between the charged
segments on the polyelectrolyte chains), and as a consequence,
phase separation occurs in the system.

3.4. Macroscopic Phase Behavior of the Mixed Brushes:
Combined Effects.Plotting the critical values of the grafting
density against their corresponding critical charge fractions
provides a useful tool for understanding and summarizing the
above mixed polymer brush phase separation trends. Figure 7
shows how the critical grafting density,σcrit, changes as a
function of the critical charge fraction,fcrit, for various values
of the bulk salt concentration,cM. The values ofN, VAA, VAC,
andVCC were the same as in the previous subsections; the salt
concentrations used were 150 mM for the upper most curve
and 200, 250, 500, and 1000 mM respectively for each
subsequently lower curve. For all salt concentrations, a higher
critical charge fraction corresponds to a larger critical grafting
density; in fact, the increase is greater than exponential. This
agrees with the above finding that increased charging favors
mixing of the brushes due to the dilution effect of the polyelec-

Figure 5. Phase diagram showing decreased miscibility with increasing
bulk salt concentrationcM as a function of compositionxc for chains
of length N ) 49 with Kuhn lengthb ) 7 Å, grafting densityσ )
0.0005 Å-2, excluded volume interactionVAA ) 125 Å3, VAC ) 215 Å3,
VCC ) 100 Å3, and polyelectrolyte charge fractionf ) 0.18.

Figure 6. Phase diagram demonstrating decreased miscibility with
increased grafting densityσ as a function of compositionxc for chains
of lengthN ) 49 with Kuhn lengthb ) 7 Å, charge fraction on the
polyelectrolyte chainsf ) 0.18, excluded volume interactionsVAA )
125 Å3, VAC ) 215 Å3, VCC ) 100 Å3, and bulk salt concentrationcM

) 150 mM.
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trolyte brushes in the neutral brushes. Also, as expected, increas-
ing the bulk salt concentration at fixed critical charge fraction
lowers the critical grafting density due to the screening effect
of the small ions. All curves have the samey-intercept (because,
in the neutral limit, the added small ions have no influence on
the phase behavior of the mixed brushes), and a plot at infinite
bulk salt concentration (i.e., in the limit of complete screening
of the electrostatic interactions) would be a horizontal line.

4. Summary and Conclusions

In this work, we have developed an SCF theory for the
examination of polymer brushes composed of a mixture of
polyelectrolyte and neutral chains. We present a derivation of
the general free energy formalism expressed in terms of the
polyelectrolyte Green’s function (from the canonical partition
function of the system) and also an algorithm for numerically
solving the set of coupled self-consistent equations (which
include the diffusion equation for the Green’s function and the
Poisson-Boltzmann equation for the electric potential in its full
nonlinear form). Within the assumption of lateral mean field,
the model predicts vertical conformational segregation in the
mixed brushes under the presence of strong excluded volume
cross-interactions. Considering the chains to have mobile
grafting points along the surface allowed for the calculation of
the free energy of mixing for the two chain types. Using this
result, the limits of stability could be determined for macroscopic
phase separation. The phase behavior of these mixed polymer
brushes in good solvent is explored as a function of smeared
charge fraction (f), added salt concentration (C), and grafting
density (σ).

The presence of charge on the polyelectrolyte chains is found
to strongly increase the miscibility of the two brush types that
are mutually repulsive in agreement with the published results
of Khokhlov and Nyrkova.41 Increasing the amount of effective
charge felt by each charged segment by either increasing the
charge fraction per segment or increasing the screening length
by removing salt ions will favor mixing of the brushes. This
preference for a mixed state derives from the effective dilution
of the charged chains by the neutral polymers. Increasing the
grafting density is shown to decrease the miscibility of the two

chain types. Demixing is favored because decreasing the area
per chain brings the chains closer together which increases the
energy penalty associated with the excluded volume parameter,
and a strong polymer cross-interaction will force phase separa-
tion.

Appendix

The derivation of the SCF equations (i.e., eqs 14-18) is
accomplished by taking the functional derivative, in the saddle
point approximation, of the system free energy defined by eq
13 with respect to the small ion and polymer densities and
chemical potentials as well as the electrostatic potential. The
functional saddle point is found through application of the Euler
equations from the calculus of variations46

where f is a function ofy1(x), y2(x), ..., yn(x) and x, and yix

denotes∂yi(x)/∂x. In this development, the subscriptsM or P
refer to only one type at a time (i.e.,M refers to either positive
or negative small ions) since the development is identical for
all M or P.

The chemical potentials can be found by directly applying
eq A.1 to eq 13 whereyi ) Fj:

The species densities can be found by applying eq A.1 to eq 13
whereyi ) ωj:

Assuming then particles of typeM are indistinguishable, we
can write

Assuming that the small ions are volumeless, we can write

Then

Introducing the bulk ion concentrationscM and lettingV f ∞,

Figure 7. Plot of critical grafting density,σcrit, vs critical charge
fraction, fcrit, at various bulk salt concentrations,cM, showing how
grafting density must be increased to induce separation at larger charge
fractions. Beginning with the upper most curve the salt concentrations
arecM ) 150, 200, 250, 500, and 1000 mM with chains of lengthN )
49 and Kuhn lengthb ) 7 Å, excluded volume interactionsVAA ) 125
Å3, VAC ) 215 Å3, VCC ) 100 Å3.

∂f
∂yi

- d
dx

∂f
∂yix

) 0 i ) 1, 2, ...,n (A.1)

∂F
∂FM

) 0 w -ωM(r ) + âeψ(r )zM ) 0 (A.2)

ωM(r ) ) âeψ(r )zM (A.3)

∂F
∂FP

) 0 w -ωP(r ) + VPPFP(r ) + VPP′FP′(r ) ) 0 (A.4)

ωP(r ) ) VPFPP(r ) + VPP′FP′(r ) (A.5)

∂F

∂ωM(r )
)

∂

∂ωM(r )
[-∫dr ωM(r ) FM(r ) -

∑
i

nM

ln( ∫DrMi exp[-ωM(rMi)])] ) 0 (A.6)

∂

∂ωM(r )
[ln( exp[-∫dr ωM(r ) FM(r )]) -

ln(( ∫DrM exp[-ωM(rM)])nM)] ) 0 (A.7)

∫DrM exp[-ωM(rM)] ≈ 1
V∫dr exp[-ωM(r )] (A.8)

∂

∂ωM(r )[ln( exp[-∫dr ωM(r ) FM(r )]) -

ln((1V∫dr exp[-ωM(r )])nM)] ) 0 (A.9)
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we have for the second term in eq A.9

which is due to limnf∞(1 + x/n)n ) ex. Thus

Finally

Similarly, the polymer segment densities can be found from

where

Again assuming the chains are indistinguishable

We now let

The Green’s function can now be defined and substituted into
eq A.16 to give for the right-hand side

whereK is an arbitrary constant that ensures dimensionality
and normalization. Utilizing properties of integration and the
Green’s function,42 we can write for expression A.17

Defining ΓP(r ) for simplicity (A.18) reduces to

Inserting (A.19) into (A.15) yields

where the bulk polymer concentration is defined ascP ) nP/V.
This can be approximated forV f ∞ as

because exp(x) ≈ (1 + {x}/{n})n for largen. The derivative in
the center of (A.21) can be evaluated as

where

because∂ΩP[RP(s)]/∂ωP(r ) ) 1 whenRP(s) ) r for anysalong
the chain as required by the functional contour integral, and
similarly

Thus

The density is normalized by integrating over all space to obtain
the total number of segments of typeP

The integral overr collapses the two Green’s functions, the
integral oversyieldsNP, and the normalization constant is found
to be

The segment densities are, again assuming indistinguishable
chains,

(1V∫dr exp[-ωM(r )])nM
) (1 + 1

V∫dr (exp[-ωM(r )] -

1))VcM ≈ (exp[∫dr (exp[-ωM(r )] - 1)])cM (A.10)

∂

∂ωM(r )
[∫dr (-ωM(r ) FM(r ) - cM exp[-ωM(r )] + cM)] ) 0

(A.11)

FM(r ) ) cM exp[-ωM(r )] (A.12)

∂F

∂ωP(r )
)

∂

∂ωP(r )
{∫dr (-ωP(r )FP(r )) -

∑
i

nP

ln[∫dRPi exp(-∫0

NPds ΩP[RPi(s)])]} ) 0 (A.13)

ΩP[RPi(s)] ) 3

2b2(∂RPi

∂s )2

+ âefzPψ[RPi(s)] + ωP[RPi(s)]

(A14)

∂

∂ωP(r )
{∫dr [-ωP(r ) FP(r )] -

ln([∫dRP exp(∫0

NPds ΩP[RP(s)])]nP)} ) 0 (A.15)

∫dRP exp(-∫0

NPds ΩP[RP(s)]) )

∫dR′ ∫dR′′∫RP(0) ) R′
RP(NP) ) R′′

δRP exp(-∫0

NPds ΩP[RP(s)])

(A.16)

∫dR′ ∫dR′′K
V

GP(R′′,R′,NP) (A.17)

1
NP

∫0

NPds∫dR′ ∫dR′′K
V∫dr GP(r ,R′,s) GP(R′,r ,NP - s)

(A.18)

K
V∫dr ΓP(r ) (A.19)

∂

∂ωP(r ){∫dr [-ωP(r ) FP(r )] -

ln[(1 + K
V∫dr (ΓP(r ) - 1

K))VcP]} ) 0 (A.20)

∂

∂ωP(r ){∫dr (-ωP(r ) FP(r ) - cPK[ΓP(r ) - 1
K])} )

-FP(r ) -
nP

V
K

∂ΓP(r )

∂ωP(r )
) 0 (A.21)

∂ΓP(r )

∂ωP(r )
)

1
NP

∫ds∫dR′ ∫dR′′ ∂

∂ωP(r )
[GP(r ,R′,s)GP(R′′,r ,NP - s)]

(A.22)

∂

∂ωP(r )
GP(r ,R′,s) ) ∫RP(0))R′

RP(s))r
δRP(s)

exp(-∫0

s
ds′ ΩP[RP(s′)])(-∫0

s
ds′

∂ΩP[RP(s′)]
∂ωP(r ) ) )

GP(r ,R′,s)(-s) (A.23)

∂

∂ωP(r )
GP(R′′,r ,NP - s) ) GP(R′′,r ,NP - s)[-(NP - s)]

(A.24)

FP(r ) ) nP
K
V ∫ds∫dR′∫dR′′GP(r ,R′,s) GP(R′′,r ,NP - s)

(A.25)

∫dr FP(r ) ) nP
K
V∫dr∫ds∫dR′∫dR′′ GP(r ,R′,s)

GP(R′′,r ,NP - s) ) NPnP (A.26)

K
V

) (∫dR′∫dR′′ GP(R′′,R′,NP))-1 (A.27)
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The Poisson-Boltzmann Equation results from applying (A.1)
to eq 13 whenyi ) ψ:

We again assume indistinguishable chains and let

Following the same manipulations as for the polymer segment
densities, we arrive at

Applying the Euler equation gives

Here

because∂ΩP[RP(s)]/∂ψ(r ) ) âefzP whenRP(s) ) r for any s
along the chain as required by the functional contour integral,
and similarly

Applying eqs A.33 and A.34 to eq A.32 and simplifying gives
the Poisson-Boltzmann equation
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